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I. INTRODUCTION

The analysis of the public sector level of indebtedness and its evolution over time is
traditionally based on the public debt to GDP ratio and its main determinants: the nominal, or
real, interest and growth rates, and the primary balance ratio. This analysis does not explicitly
take into consideration the role of financial and nonfinancial assets of the public sector. By
contrast, the net worth approach to fiscal analysis does take into account these types of public
assets, introduces important accounting changes, and shifts the emphasis of the analysis from
one type of liability (the public debt) towards the public sector’s net worth, defined as total
assets minus total liabilities.

This paper encapsulates the net worth approach to fiscal analysis into a simple model and
studies the dynamics and the steady-state equilibria values (as GDP ratios) of debt,
nonfinancial and financial assets, and net worth of the nonfinancial public sector under
alternative fiscal-investment fund rules. The model can also be used to study fiscal
sustainability, conduct numerical simulations, and analyze the implications of debt
stabilization funds.

The model brings to the forefront the importance of the average rates of return of both
financial and nonfinancial public assets, and the related issue of productive and
nonproductive investments. It highlights the need for policymakers to decide on the
appropriate level of financial and nonfinancial assets (and the related issue of the size of the
government) and public debt ratios, and the corresponding fiscal policy, reflected in current
and future values of gross operating primary balance ratio, nonfinancial and financial
investments ratios.

The analysis shows that under the golden rule, the constancy of net worth ratio might have
different underlying situations. For example, under this rule, a surge in relatively
unproductive investments that deteriorates the average rate of return of assets would require
an additional fiscal effort to maintain the net worth ratio constant. Even in cases where the
rates of return are not affected and the net worth ratio remains constant, the debt ratio could
reach levels considered too high. This possibility has motivated some governments to
complement the golden rule with a rule that caps the debt ratio at a prudent level. This
implies that once the cap has been reached, investments in nonfinancial assets have to be
financed with budgetary surpluses. Alternatively, countries may choose to complement the
golden rule with a debt stabilization fund, which reduces the net debt ratio.

The above considerations alert us to focus not only on the level of the net worth ratio and its
evolution over time in fiscal analysis, but also on the whole set of indicators related to the net
worth approach. From the viewpoint of fiscal sustainability, the net worth approach should
be seen as a more comprehensive tool, complementary to the debt approach.

We also use the model to analyze economies with depletable resources, a related financial
asset fund (oil fund), and a fiscal rule. In this regard, we analyze the Norwegian oil fund. One
of its main features is that it facilitates the decoupling of the oil revenue inflows from oil



revenue use. The model is helpful in establishing guidelines on the size of the trend structural
gross operating primary balance in order to keep constant the oil fund ratio at a desired level.
In addition, the model could be used to project key variables such as the debt and financial
assets ratios.

Section II presents the essentials of the net worth approach to fiscal analysis, explained in
detail in the IMF’s Government Finance Statistics Manual (2001). Section III derives a first-
order difference equation system that governs the dynamics of financial and nonfinancial
assets, debt and net worth (Prototype Model), and discusses the stability conditions for the
system and steady-state equilibria. This section also presents a numerical simulation of the
prototype model and briefly discusses the dynamics of debt under a feedback fiscal rule when
the real interest rate is greater than the growth rate. Section IV uses the prototype model to
analyze alternative fiscal rules. Finally, Section V offers concluding remarks and suggests
possible extensions of the model.

II. FUNDAMENTALS OF THE NET WORTH APPROACH

This section draws upon the IMF’s Government Finance Statistics Manual (2001),
henceforth referred to as GFSM 2001. The basic structure of the net worth approach to fiscal
analysis is captured in Figure 1, and in the following identities, where all variables are
measured in nominal terms and in local currency:

NW, =NW,,+NOB, + OEF;

NW, = (Ar + Anp) —=D—OLy;

GOB, =T,- G;

NOB, = GOB, - DEP;

OEF;, = NGPA; — NLPD;+ NGQA, — NLOD;

Where,

NW: Net worth.

GOB, NOB: Gross and net operating balance, respectively.

Ay: End-of-period stock of assets (where j = NF, F; nonfinancial and
financial, respectively).

D: End-of-period stock of debt.

OL: End-of-period stock of nondebt, noncontingent liabilities, namely,
financial derivatives, shares and equity of publicly controlled
enterprises, held by the private sector.

T: Revenue.

G: Expense.

DEP: Consumption of fixed capital.

OEF: Other economic flows.

NGPA, NLPD: Net gains (gains—losses) and net losses (losses—gains) in the value of

assets and liabilities, respectively, due to changes in their market price;
later referred to as valuation adjustment.



NGQA, NLOD: Net gains (gains—losses) and net losses (losses—gains) in the value of
assets and liabilities, respectively, due to changes in their quantity, not
related to any transaction.

Figure 1. The Structure of the New Accounting Framework
Stocks Flows Stocks
Balance Sheet Transactions Other economic Balance Sheet
at end of t-1 during t flows during t atend of t
Revenue Net gains in assets
Net Worth, Expense! Net losses in liabilities Net Worth,
NOB OEF
Nonfinancial Net purchase of Net gains in Nonfinancial
Assets,| Nonfinancial Nonfinancial Assets, Assets,
Assets,
+ + + +

Financial Assets,

Liabilities,

Net acquisition of
Financial Assets,

Net incurrence of
Liabilities,

Net gains in
Financial Assets,

Net losses in
Liabilities,

Financial Assets,

Liabilities,

IIncludes depreciation.

The concepts of revenue, expense and assets require further clarification, particularly, when
compared to the traditional framework (presented in GFSM 1986).

Revenue/Expense can be any transaction that increases/reduces the net worth. When
resources are obtained from the sale of an asset (financial or nonfinancial), or the incurrence
of a liability, the transaction is not classified as revenue. Similarly, when resources are
employed in the purchase of an asset or in the repayment of a debt the transaction is not
classified as expense. Accordingly, an investment in physical capital (including
infrastructure) is classified as an acquisition of a nonfinancial asset. A property is classified
as an asset if: (i) property rights can be enforced; and (ii) either it has a market value or
generates, directly or indirectly, now or in the future, an economic benefit to its owner
(including its use in the production of a public service).



All items in the balance sheet, as well as all transactions are recorded at market values.” An
increase (decrease) in the price of an asset from one period to the next is recorded as a gain
(loss); similarly, an increase (decrease) in the price of a liability is recorded as a loss (gain).
The value of an asset/liability may also be affected by changes in volume derived from
events different from transactions. For example, increases in assets due to discovery of new
sources of natural resources, reductions of assets due to natural disasters (flood, earthquake,
fire, etc), depletion of nonrenewable resources and unilateral reductions of debt (for example
due to bankruptcy, but not due to restructuring). All these flows are presented in the
statement of other economic flows.

The new accounting framework can be summarized in a few identities, which provide: (i) a
simple way to present the principles of the net worth approach to fiscal analysis; and

(i1) building blocks for the prototype model derived in Section III. Let us first present and
define some useful additional variables. Unless otherwise specified, all variables refer to the
nonfinancial public sector and are measured in nominal, domestic currency terms, at market
value. Variables pertaining to the general government and nonfinancial public enterprises are
identified by the superscript GG and PE, respectively.

GOPB: Gross operating primary balance. Defined as GOB plus net accrued interest
obligations (due—earned).

PS: Primary surplus. Defined as GOPB minus investment in nonfinancial assets.

INV: Investment. Equals net purchase of nonfinancial assets (purchase — sale).

A End-of-period stock of assets at market value; i = GG, PE, andj = NF, F.

E: Nominal exchange rate (units of local currency per unit of foreign currency).

D': End-of-period outstanding domestic and external debt (*) in local currency at

market value (i = GG, PE). Thus, D = (D°“+ D"*)+E({D““+ D"*)*. This
aggregation is possible after excluding intra-governmental debt.

When any of the above variables is expressed in lower case, it denotes a ratio with respect to
GDP (later denoted by Y). Other useful definitions include:

i Ratio of interest payments to end-of previous period nominal debt.

Pj. Ratio of current period return to end-of-previous period asset, where j = NF, F

o: Average depreciation rate of nonfinancial assets.

r: Average real interest rate on debt; 7, = pom. (1—-0)u1+ 1™, (o).;, where o is
the share of external debt in total debt.

g: Rate of growth of real GDP.

T Inflation, measured by a general price index.

A Percentage change in a price index for nonfinancial assets.

% In the case of stocks, if market values were not available, an alternative is to use the net
present value of the expected stream of net flows associated with the asset or liability. In the
case of loans however, the GFSM 2001 recommends the recording at nominal value.



s Percentage change in a price index for financial assets.

P Percentage change in a price index for total debt.

P Percentage change in a price index for domestic debt.

v Percentage change in a price index for external debt.

E: Price of one U.S. dollar in terms of local currency.

E Rate of devaluation of the local currency.

VAANE:: Valuation adjustment of nonfinancial assets = (71— 5)7TINFANFt_ .

VAAF, : Valuation adjustment of financial assets = mF Arsg .

VAD:: Valuation adjustment of debt = /(1-0) 7" D\.; + o (" + E))] Dv.; = n°Dy.; .

The set of identities below captures the essentials of the net worth approach to fiscal analysis:

(Axr,— Anr, )+ (Ar,— AF, ) — (D;=Dy-1) = GOPBC,— 6Ayr, ~iDy.

+ pPnrAnr, t PFAFT T M- O)AnF, , — "Dyg + ﬂzFAth P (1)
Anr,= (1-0)Anr, , + (1 '5)7TNFtANFt7 ; TINVNE, ()
Ar,=Ap, ,+7"Ar,_, TINVE,. 3)

Equation (1) describes the components of the change in the nonfinancial public sector net
worth. For convenience, we redefine the gross operating primary balance of the general
government, GOPB““, as revenue minus expense excluding interest due on debt and earned
returns of both financial and nonfinancial assets. The return on nonfinancial assets includes
the returns of real estate and infrastructure assets, and the gross operating primary balance of
public enterprises, and is captured by p]\qw/let.3 On the right hand side of Equation (1), the

sum of the first five terms equals the nonfinancial public sector savings—or net operating
balance, NOB, that is revenue minus expense, and minus consumption of fixed capital—
while the sum of last three terms equals other economic flows, OEF. To simplify the
analysis, we assume that changes in volume due to nontransaction operations are equal to
zero. Although included here, valuation adjustments due to price changes could be difficult
to determine because secondary markets do not exist for all assets and debts.

Equation (2) describes the general motion law of nonfinancial assets: The current end-of-
period stock of nonfinancial assets is determined by the end-of-previous period stock net of
depreciation, plus investments and valuation adjustments (see Appendix I). Equation (3)
describes the general motion law of financial assets: The current end-of-period stock of
financial assets is determined by the end-of-previous period stock, plus investments and
valuation adjustments.

GG
. . AGG PE A
> Therefore, pyr is a weighted average rate of return: p,,. = oo~ 4 pit “NE 00
ANF ANF ANF

where A4,.,; and 4;, refer to the stock of real state and infrastructure assets, respectively.




III. THE PROTOTYPE MODEL

The prototype model is derived from Equations (1)—(3) plus some simplifying assumptions.
The latter include: (i) nondebt liabilities as well as other economic flows (valuation
adjustments and nontransaction changes in volume for assets and liabilities) are assumed to
be zero; (i1) nonfinancial and financial assets are governed by the general motion law
presented above, wherein investment ratios in both assets are exogenous.

Expressing Equations (1)—(3) in terms of GDP, and performing some algebraic manipulation,
we obtain the first-order difference equation system that governs the dynamics of the debt
ratio, nonfinancial and financial assets ratios.* The motion law of the net worth ratio could be
derived from this system (see Appendix I).

1 +i£ _ pNFA _ pFA
d, I+, ]] +5Y’ I+, d_, —gopb®® + NV, +invy
ay. |=| 0 (1+_Y 0 Aye | |+ invyy. . (4)
a['} t ] aE—J l.}’lVF[
0 0 -
1+Y

This prototype model highlights the point that, given the relevant parameters (interest and
growth rates, the rates of return of both assets and the depreciation rate of the nonfinancial
asset), the authorities have three degrees of freedom in formulating fiscal policy: they can set
independently the values of the policy-determined variables—invyr , invy, and gopb®“—to
obtain specific values of the endogenous variables—d, ayr and ar (and consequently nw). As
shown later, fiscal rules result in fewer degrees of freedom.

As a general principle, public investments should complement private investments and be
consistent with the desired role and size of the government. Once these considerations are
taken into account, the quantity and quality of public investments are other dimension of the

* The prototype model does not consider the case when a fraction of the outstanding nominal
debt is indexed to inflation and yields a real interest rate. However, introducing this feature is
quite simple. Assume that a fraction o of the total debt is indexed to the inflation rate, 7, and
yields a real interest rate of 7, while a fraction (/-a) is not indexed to inflation and yields a
nominal interest rate of i. In this case, the coefficient to d,; (the y;; element in the prototype
model’s main matrix) becomes /I+a r + (I-a) i + a 7]/(1+7).



public policy. In the prototype model, invyr and invy capture the quantity, while all the p
parameters and, to some extent, gopb®“ capture the quality of public investments.

A. Steady-State Equilibria and Stability Conditions
Keeping constant the three policy-determined variables (a sort of strict fiscal rule) and

solving the system of first-order difference equations (4), the steady-state equilibria for the
debt, the nonfinancial and financial assets, and the net worth ratios are:

dY?:(]A‘i'Y) _goprG+ m inVNF+ Y_—ApF invF ;
S (Y-i) (Y+9) Y

Ay = —{ INVyes
KX (}7 5‘)
a,. = ! / nv,;
Fyg v F>

1+Y pNF_é‘_ij- (IOF_Z.)- GG
nw. =| —= = inv,, + = inv,. + gopb .
S8 (Y—lj|:( Y+5 NF Y F gp

Note that only d, (and therefore nwy,) depends on the net rates of return of both assets
relative to the interest rates. This is a consequence of setting both investments (invyr and
invr) as exogenous variables (thus, the return of assets affects debt but not investment).
Furthermore, the steady-state value of nw may be positive or negative. For example if

stability conditions are met, Y >i,the steady-state value of nw will be unequivocally
positive if goph“® >0, p,, 2i+ 5, and p, > i .

The equation for the steady-state net worth ratio also highlights the point that while it is true
that in the short run the purchase of an asset financed with debt might not affect the net
worth, it may however reduce (increase) the net worth ratio in the long run (steady state) if
the higher investments negatively (positively) affect the average rates of return of both assets.
This is because in the prototype model goph“ is set to be constant. In particular, as we will
see below, under the golden rule goph““ would change to offset a deterioration of the quality
of assets (reflected in a lower average rate of return).

As shown in Appendix I, the stability of the system depends on the nominal interest rate i,

the rate of growth of nominal output Y , the rate of depreciation of nonfinancial assets, d, and
the valuation adjustments of debt, and nonfinancial and financial assets (77:D , @ and 7,
respectively, here assumed to be zero). Ruling out both, permanent overvaluations and
undervaluations, and considering that 0 < 0 < I, stability requires that the real interest rate be
smaller than the rate of growth. Interestingly, stability does not depend on the rates of return
of assets, pyr and pr. This is because those returns do not play any role in the general motion
laws of the assets; however, they will play a role under some fiscal rules.
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The steady-state solutions above do not necessarily correspond to the desired values for those
variables. For example, sustainability and vulnerability considerations might determine a
desired steady-state value for the debt ratio; political economy and efficiency consideration
might dictate a desired steady-state value for the nonfinancial assets ratio (as a proxy for the
size of government); and the need for a debt stabilization fund might determine a desired
steady-state value for the financial assets ratio. Simply inverting the above system will
determine the constant values of gopb®®, invyr, and inve that lead to the desired steady-state
levels for the debt ratio, nonfinancial, and financial ratios.

Using the steady-state equations for the debt ratio, nonfinancial and financial assets ratios, as
well as the restricted concept of primary surplus ratio, ps = gopb®“ — invyr , and the concepts

of net debt, nd  =d_ —a, ,and net interestrate i,, =i[d/(d —a,)]|-p,|a,[(d-a,)],
yields:

Ly—Y Pnr
pS,, = —nd  — Ay
1+Y 1+y M

This is the primary surplus required to maintain constant the net debt ratio, given the steady-
state value of the nonfinancial assets ratio and key parameters. Furthermore, redefining ps,
to include the second term on the right hand side yields:

pS;s :undss’
I+g

where r,;and g are the real interest rate on net debt and the rate of growth, respectively. Note
the similarity of this equation with that from the traditional analysis of debt sustainability.

B. The Geometry of Stability Conditions, Steady-State Equilibria, and
Comparative Statics

The phase diagram of the dynamic system, shown in Figure 2 below, illustrates the geometry
of the stability conditions, the steady-state equilibria, and the movements of the debt and
assets ratios to their steady-state values. To simplify the phase diagram, we assume that the
government does not hold financial assets, thus only the difference equations for d and ayr
are drawn. All stability conditions are met (the d; and anr, lines cut the 45° line from above).

Assume that the initial steady-state values for debt ratio and nonfinancial assets ratios are
such that dy < dg, and aNF, > anF. Given anr, goprG, and invyr, the relevant difference

equation for d is plotted as the dotted lower line. From its initial value, d increases as the
nonfinancial assets ratio decreases towards its steady-state equilibrium, which causes the
dotted line for the d difference equation to shift upward until the nonfinancial assets ratio
reaches its steady-state value.
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Figure 2. Dynamics of Debt and Assets Ratios

o _ _ _
d a 45% => ayp=ayp.,, d,=d,,
¢ ANFy

dt (aNFYY )

o d, (anr,)

ang

a
NFss d d a
0 NF, d_,, a Nrws

The change from one steady-state equilibrium to another due to an increase in a policy
variable, invyr , is shown in Figure 3. The higher nonfinancial investment ratio shifts upward
the d; and the ayr, lines. A more precise comparative static arises from totally differentiating

the system of equations describing the steady-state values of the debt ratio, and the
nonfinancial and financial assets ratios. As shown in Appendix I, the sign and magnitude of

those derivatives depend on the parameters Y , 0, 1, pr,and p,, .

If the stability condition were not met, that is, i > Y, the system in the prototype model

would be unstable (the line d would cut the 45° line from below). In this case, any
perturbation to the steady state would indefinitely either increase or decrease the debt ratio,
unless goph®® is changed to a level compatible with keeping the debt ratio constant at a
certain desired level. For developing countries, which usually have relative capital scarcity
and high levels of debt, most likely the interest rate would be larger than the growth rate.’
Having an interest rate larger than the growth rate implies that the prototype model looses
one degree of freedom: the authorities no longer can set independently the values of the
policy-determined variables—invyg, invs, and gopb®“—because, any perturbation, would
lead the debt ratio to diverge from the steady-state value. Thus, goph““ has to be set at a
particular level compatible with the debt ratio that the government wants to keep constant.

> Another argument that applies to both developed and developing countries, advanced by

Barro (1976) is as follows: i < Y would lead, in the steady state, to inefficient capital over
accumulation. He also demonstrated that a competitive equilibrium would have to be in the

efficient region where i > Y in the steady state.
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Alternatively, the fiscal policy might follow a rule designed to force convergence of the debt
ratio to a target level (see Croce and Juan-Ramoén (2003, 2005). We show this case in
Appendix II.

Figure 3. An Increase in the Nonfinancial Investment Ratio

[L— j—
45° => A= Ayg, d,

=d
t-1
dy, ayr,

d, (a’NFss’ vy )

d, (aNFsS’ i”VNFo)

ang, (invyg)

- g, (invNFo)

r r
ANF,, A NF, dy d' diy» ANF,

C. Numerical Simulations

We assigned numbers to the parameters in the prototype model and performed numerical
simulations under stability conditions (see Appendix I). We compare a benchmark scenario
with new steady-state values for the debt ratio, financial and nonfinancial assets ratios, and
the net worth ratio, obtained after changing policy variables (for example, an increase in the
investment in nonfinancial assets ratio) and/or parameters (for example, changes in the
nonfinancial assets return). We found that the changes in the ratios are exacerbated when
considering positive inflation and valuation adjustments. For example, assuming zero
inflation and valuation adjustment, and positive values for the rest of the parameters, the
public debt ratio increases from 20 percent to about 83 percent in response to a permanent
increase in the investment (in nonfinancial assets) ratio from 2 percent to 3 percent. And if, in
addition, inflation and valuation adjustment are introduced, even at very low rates, the debt
ratio increases to 239 percent.

The results discussed above could also be obtained by totally differentiating the steady-state
solutions of the prototype model. For example, the change in d,, in response to an increase in
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the nonfinancial investment ratio, other things equal (see bloc 3 in Table 1, Appendix I), is
given by the following expression (assuming zero inflation and valuation adjustments):

_(]+);) ();+5_pNF) .
Y (Y=i) (Y+6)

nyp -

According to the equation above, the increase in dy, in response to a one percentage point
change in the nonfinancial investment ratio would be higher, the lower is the average rate of
return of the nonfinancial assets, the closer the difference between the growth rate and the
interest rate, and the lower the growth rate.

IV. FISCAL RULES

Many countries have already adopted, or are planning to adopt, rule-based fiscal policy
aiming at conferring credibility on policy actions (by minimizing discretionary intervention),
and restraining the deficit and the debt levels. In lieu of the growing attention that
economists and policy makers give to fiscal rules, we extend our prototype model to analyze
the dynamics of the net worth ratio, nonfinancial and financial assets ratios, and the debt ratio
under the golden rule, the golden rule cum debt stabilization fund, and oil-fund related rules.
The case of a “Constant Net Worth Rule” is presented in Appendix III.

A. The Golden Rule

The basic form of the golden rule states that any investment in fixed capital should be
financed with debt. Behind this formulation are two simple principles: (i) the acquisition of
an asset with debt should not affect net worth; it is just an increase in a liability compensated
by an increase in an asset; and (ii) intergenerational fairness; as future generations will enjoy
the benefits of higher capital stocks, it would be unfair to charge the total cost to the present
generation. We specify the golden rule as follows:

D, =D, ;=INVy. =64y, +r'D,,. %)

This rule states that debt will increase to finance net-of-depreciation investment in
nonfinancial assets, where investment is defined as purchases minus sales of those assets.

% Of course fiscal rules are not necessarily always a panacea; for example, Kopits (2001)
notes that sometimes rules reduce budgetary flexibility and invite abuse. He concludes that
rules are most useful if applied in a consistent and transparent manner, at all levels of
government, and in countries that lack a firm reputation for fiscal prudence.
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Debt also changes in response to valuation adjustments. In terms of GDP, and assuming
again that valuation adjustments are equal to zero, the above equation becomes:

1

d,=—=
1+7Y,

— ~d,, +INV,; . (5"
NF,_, NF,
1+7Y,

t—1

This rule-determined motion law for the debt ratio replaces the first equation in the prototype
model, so that the system becomes:

1
d 1+Y,  1+Y d_ invy,
1- .
ay. |=| 0 o Ayr,_, |+ invy |. (6)
1+Y, ’
aF} ] aFt—] inth
0 0 =

In this case, the model could be solved for the steady state by imposing values for invyr and
invr. The golden rule implies that now gopb®® is endogenous; that is, it must adjust to
finance interest due net of assets returns, depreciation, and financial investment. The
endogenous goph“®, which is consistent with the law of motion of the debt ratio under both
the prototype model and the golden rule, is shown below.

j o—-p P

4 NF, F, .
oph®® = — 4 +——""1 -——a, +inv, .
EOP: 1+7, ! 1+7, M-t 1+7, Fit fi

Thus, for the golden rule to hold each period, the government has to adjust goph““ in
response to temporary and permanent shocks to the parameters in the above formula. Note
that goph““ also finances investments in financial assets, which might be zero as the golden
rule does not necessarily imply the accumulation of financial assets. Adjusting gopb®“ each
period might be difficult and inefficient because of lags in fiscal policy and the principle of
tax smoothing. Alternatively, the government could adhere to the golden rule on an
intertemporal basis. In this case, goph®“ would be set ex-ante at a level given by the above
formula but using trend (rather than current) values of the relevant parameters. Therefore,
temporary shocks to those parameters should be absorbed by d, while permanent shocks
should be absorbed by goph“®.
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Solving the system with the golden rule, the steady-state values for d, anr, ar and nw are:

1+

dSGSR };+§mvNF,
e _ 1+Y .
ayp, = f+5mvNF’
GR 1+Y .
Fo = }; Invg,

1+);,
nvesz 7 nv,

The steady-state value for d would basically depend on the value set for invyr (as well as on
the values of the parameters). As expected, the solutions for ayr, and ar are not affected by
the rule. The above equations reveal that in steady state (i) the debt ratio equals the
nonfinancial assets ratio, d = ayp, and (ii) the net worth ratio equals the financial assets ratio,
nw = ar; thus, the net worth ratio would be zero if the public sector does not maintain a
stock of financial assets. This implies that higher investment in nonfinancial assets that leads
to a higher steady-state nonfinancial assets ratio does not affect the steady-state level of the
net worth ratio, regardless of the impact on the average rate of return of those assets.

Under the golden rule, and unlike the case of the prototype model, the deterioration of the
average return on nonfinancial assets (for example, as a result of new, less profitable
investments) is offset by an upward adjustment in the goph®“, maintaining constant the net
worth ratio. This case highlights the fact that the constancy of the net worth ratio can be
misleading, as it may hide the underlying requirement of greater fiscal efforts to compensate
for worsening in the quality of assets. It also shows the importance of ex-ante appraisals of
all investment decisions undertaken by the public sector.

B. The Golden Rule Cum Debt Stabilization Fund
Debt Stabilization Fund Based on Nonfinancial Assets Return

Under the golden rule cum debt stabilization fund, investments in nonfinancial assets are
financed with debt and, also, a fraction of the nonfinancial asset returns are parked in a debt
stabilization fund (financial assets) designed to back up the gross debt. This fund is a
temporary abode of purchasing power to repay public debt when debt management
considerations so warrant. As an alternative scheme, the fund could be maintained
permanently without ever using it for debt repayments. Suppose the government would like
to achieve a target debt ratio of zero but recognizes that some stock of public debt is a public
good with positive externalities for the financial market. This tradeoff is reconciled by
maintaining equal amounts of gross public debt and financial assets; that is, zero net public
debt. A debt stabilization fund requires good governance to prevent the diversion of the fund
to other uses, and an additional fiscal effort measured by the gap between present values of
future stream of interest payments and fund returns.
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Under a debt stabilization fund, a fraction a of the nonfinancial assets return is parked in this
fund (financial asset). Thus, the end-of-period stock of financial assets is given by:

A, = (1+ pr, )AFH R (7)

where 0 <a <. Scaling the variables by GDP, the rule can be written as:

a, = I+ pr a, +a Pur, a (7")
Fy ]+ YAl Fig ]+ f[ NF_;*

Under the golden rule cum debt stabilization fund, the steady-state values for ar and for nw
are shown below. The steady-states values for d and ayr are the same as under the golden
rule shown in the previous section.

e a 1+Y . -
GR-c-D _ Pur( ) — pwGReD

= = my )
(Y=p )(Y+5) "

To achieve a desired level of nonfinancial assets in the steady state, a,, , we need an
appropriate investment ratio. Thus,

A

Y+0 ap
. * GR-c-D NE ¥
inv,, =——-—a = = ——a
NF NF Fiy NF
1+Y * Y -

The steady-state net debt ratio, nd, is given by:

);_ - *
ndss = dss ~4g, = (%j Ayp -
F

Note that assuming a positive rate of return of the nonfinancial asset, the expression in
brackets above is less than one; therefore, the steady-state net debt is lower than the desired
steady-state nonfinancial assets ratio. Furthermore, since the golden rule implies that the
gross debt ratio equals the nonfinancial assets ratio, then the net debt ratio is lower than gross

debt ratio. Concretely, nd —d = —[apNF /Y - p, )] d,, . Therefore, assuming that the

stability condition of Y> P holds, the higher are both rates of return and the closer to one is
the policy parameter, the lower is the net debt ratio vis-a-vis the gross debt ratio.
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Debt Stabilization Fund Based on the Gross Operating Primary Balance

Let us now assume that a fraction a of the public sector’s gross operating primary balance is
parked in a debt stabilization fund (financial asset). Thus, Equation (7') now becomes:’

I+
a = pAFt a +agopb™ . (7"
1+Y N

ll’lVFt

As the government also follows the golden rule, the steady-state financial assets and net
public debt ratios, respectively, are (see Appendix IV):

a :—9(5:”_/%?)61 ; nd, = };_pF_ig(5+i_pNF) Ayp -
F Y — pF NF 2 sS Y — pF NF

Where 8 = o/ (1 — a) and the rest of the variables as already defined. Under stability
condition (¥ > Py ), these results are basically driven by the sign and magnitude of
0 +i— py . For example, if p,,. = 6 + i, the debt stabilization fund is zero, implying that only

the nonfinancial assets ratio might be used as collateral. Alternatively, if pyr <J + i, the
financial assets ratio is positive. In this case, both the nonfinancial and financial assets ratios
might be used as collateral, and the net public debt ratio is lower than the gross public debt
ratio (which equals the nonfinancial assets ratio).

C. Norwegian Type Oil Fund: Decoupling Oil Revenue Inflow
from QOil Revenue Use

This section analyzes the operation of an oil fund cum fiscal rule based on the one adopted
by Norway in 1990. The net proceeds from the sale of oil are accumulated in an oil fund
(financial asset), and the return of that fund is used to finance (up to a predetermined cap) the
structural, non-oil operating deficit.® Intergenerational fairness is one of the motivations for
building and maintaining such a financial asset, as it accumulates proceeds from extracting a
depletable resource (oil, a nonfinancial asset). In addition, an oil fund facilitates the

7 This is akin to the view that a government’s collateral for the stock of public debt may be
the stock of some tangible nonfinancial assets and intangible assets. The latter could be
measured by the present value of either the government’s gross operating primary balance or
its future taxing capacity.

¥ An oil fund is different from an oil “stabilization” fund designed solely to smooth out the
impact of fluctuating oil prices on fiscal revenues. Unlike the oil fund, the trend value of an
oil “stabilization” fund could be set to zero, assuming symmetric shocks to oil prices.
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decoupling of oil revenue inflow from oil revenue use, reducing the undesirable “Dutch
disease” effects by investing the fund’s resources in foreign financial assets.’

To preserve the oil fund, the fiscal rule entails that only the return of the oil fund can be used
to finance the structural, non-oil operating deficit and up to a predetermined cap. The excess
return over the cap is accumulated into the oil fund regardless of the size of the deficit. In
addition, any excess of deficit over the cap has to be financed with public debt. Such a
strategy implies that to keep the public debt ratio on check (fiscal sustainability), the
structural, non-oil operational deficit should be determined by permanent income
considerations, thus, independently of short-term fluctuations in either the oil price or the rate
of return on the oil fund."’

The prototype model can be used to study this Norwegian type oil fund cum fiscal rule in any
of the natural resource phases.'' For the sake of simplicity, we assume that all financial assets
correspond to the oil fund, which on period ¢ yields an actual rate of return of pr, , and that
non-oil, nonfinancial assets are zero. Also, for modeling purposes it is convenient to define a
hypothetical rate of return on financial assets that would be required to totally finance any

size of the structural, non-oil operating primary balance plus interest payments on the debt in

period ¢. This required rate, pjffEQ , 1s obtained from the “financing” equation below:

REQ

_ Py
I+ft

GG i
—gopb, +—=d
EOPO Ly O

t

(8)

a .
Fy

According to the equation above, the required rate in period ¢ is determined by the sizes of
the total structural, non-oil operating primary deficit during that period, and the stock of

? The success of the oil fund in mitigating the Dutch disease problem depends on whether
consumers are Ricardians or not. Jafarov and Moriyama’s (2005) econometric analysis
suggests that Norwegian households are partly but not fully Ricardian, implying that the oil
fund can indeed mitigate the Dutch disease.

10 The short-term price and rate of return fluctuations create uncertainty in the cash flow
rather than uncertainty in net worth. The latter, ignored here, includes uncertainty regarding
long-term trend in prices, cost of extraction of new fields, total stock of reserves and the
corresponding production potential.

' Analysts distinguish three phases for economies endowed with natural resources: An initial
phase of exploration and investment; a mature phase with a stable production level; and a
terminal phase when production and revenue decline. Maintaining the government’s total
assets requires saving early oil proceeds to replace the nonfinancial asset with a financial
asset. In this way present generations do not crowd out future generations’ consumption
given a constant across-generations tax burden.
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financial assets (o0il fund) at the end of period ¢-/. Thus, the larger the deficit and the smaller
the oil fund, the larger the required rate. However, the required rate is just an analytical
device as the government will finance its deficit with the proceeds from the actual rate of
return of the oil fund, p, , but up to a cap. This cap, predetermined by policy, could be

thought of as an amount equivalent to the proceeds from the oil fund given by a cap rate of

CAP

return; that is, (o a, )/(1 H?t) .

The motion laws of the debt and financial assets ratios depend, among other things, on the
relative ranking among the required rate of return (determined by the sizes of the deficit and
the oil fund), the cap rate of return (determined by the fiscal rule), and the actual rate of
return (determined by the market and the risk composition of the financial assets). All
possible six ranking combinations of these rates are shown below. Each case is associated
with two ancillary parameters (A and y), which can take the value of either zero or one.

CASES PARAMETER ASSOCIATED TO EACH CASE
A-i: pM < p<p, =0; =1
A-ii: pMP < p, < p™f =0; =1
B-i:  p“<pM<p, r=1; =1
B-ii: p“<p, <pt A=1; =
C-i:  p,<pf@<p™” r=1; =0
C-i:  p, < p“" < pt? A=1; y=

Using the ancillary parameters, A and v, and the Norwegian type oil fund together with the
fiscal rule just described, the general motion laws of d and ar are modeled as follows:

j d, ,—(gopb®® —gopb’’ )+ 4

j pﬁFt
+ ~ |a
1+7,

d, = ]A
1+7,

( 1
! 1+Y

o
NF_

a, = ar

Ty

Pl =(1-y)pp — 10"

]+I?,

pr,—(1=2)pi™°

c4apP
Ft

]+ft

. o .
JaF” +invy ; )]

]am . (10

These equations could represent any of the six combinations presented above by assigning
the appropriate values to the parameters 4 and y. The parameter A determines whether debt
accumulates (1 = /), or not (4 = 0); while y determines whether financial assets accumulates
(y = 1), or not (y = 0). For example, if realization of the actual, cap and required rates in
period ¢ yields a relative ranking as in any of the cases B-1 or B-ii (each represented by the
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ancillary parameters 4 = [ and y = I), the above equations show that d increases due to the
excess of the required over the cap rates, and ar also increases due to the excess of actual
rate over the cap rate. Solving for the required rate in Equation (8), inserting it into the above
equations, and rearranging terms yields the general model:

CAP

1+ 4, _/1(1—7)/05 +9Pr
d, *h I+ d_,\ [-gopb® +(1-2)goph, +im,
& 1-6° a0 .0 . (11)
@, a e
y(1-2)i v 1+r(pe=205") ! y(1—2)gopb,
1+Y  1+Y, 1+Y

This general model could be simulated either in a stochastic or nonstochastic context. In
either case one should take into account the phase that characterizes the economy. For
example, in an initial phase of exploration and investment, the required rate will most likely
be high (because of the still small size of the oil fund and probably, a high operating deficit).
Case C better characterizes this initial phase where the debt ratio increases but the oil fund
ratio does not.

In a mature phase, with a stable oil production level, the required rate will be lower than
before because of the now larger size of the oil fund and possibly a smaller operating deficit.
In this phase, the cap rate might also be set at a lower rate than before due to an improved
fiscal balance and a larger oil fund. Thus, case B better characterizes this mature phase where
both the debt and financial asset (oil fund) ratios increases.

In a terminal phase, with declining oil production and revenues, the size of the oil fund is
large enough to finance the structural, non-oil operating deficit (which has been reduced to a
level compatible with the oil fund’s permanent income). Case A better characterized this
phase. In the terminal-phase steady state, the natural resource (oil nonfinancial asset) has
been depleted and replaced with the oil fund (financial asset).

D. The Norwegian Oil Fund: Strict Adherence to a Rule that Targets
the Size of the Structural Non-Oil Deficit

The general model of the previous section could be used to analyze the specific oil fund cum
fiscal rule established by the Norwegian authorities according to which, the structural, non-
oil operational deficit is set at a level such that it could be financed by the oil fund’s yield
given by its long-term trend rate of return, p,., estimated at 4 percent, inflation adjusted

(IMF, 2005). Thus, assuming zero inflation and valuation adjustments, the financing equation
becomes:
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pF 4
~d. _, = ~d, . 8
1+Y 7 1+y )

t

GG z't
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Unlike the financing equation of the previous section (Equation (8)), now is the structural,
operational primary balance which must adjust for this equation to hold. This implies that the
required and cap rates must be identical to the long-term trend rate of return of the oil fund.
Therefore, the relevant comparison now is between the oil fund’s actual and long-term trend
rates of return, p, and p, , respectively:

CASES PARAMETER ASSOCIATED TO EACH CASE
L pp2pp y=1;, A=1
L. pp <pp vy=0; A=1

Maintaining the assumption of zero inflation and valuation adjustments and, as this strategy
entails that the required and cap rates must be identical to the long-term trend rate of return
of the oil fund, the motion law of the debt and financial assets ratios, respectively, becomes:

d, = |~ d~(gopb® —gopb™ )+ (1= )| 2o |a, +im$ (12)
]+)]l ]+)]l -1 t
1 Py Pr, =P,
NF o F, F
a, =| ——=|a +| ——|a + —  —la . 13
Fi (1+Yj Fies (I+Y,] NEier 7( 1+7, ] Fies (13)

As by construction, on average, p, — o, =0, and goph® — goprG = 0, the motion law of the

debt ratio on average depends on the investment ratio of oil nonfinancial assets, and the debt
ratio always converges to a steady-state value. And the motion law of the financial asset (oil
fund) on average depends on the stock of oil nonfinancial asset and its rate of return, and the

. . . —GG .
financial assets ratio always converges to a steady-state value. Solving for gopb in

Equation (8'), inserting it into the motion law for the debt ratio, and rearranging terms
obtains:

1+i, 0 7(Pr, = Pr )= Pr,
+Y +Y
d, I+, . I+, d,_, —gopb®™® +i”"25
o ]—5 o ) . 14
aNF} = 0 ]+Y/‘; 0 aNFt,[ + lnv}(\?pr ( )
ar, _ £ 0
Py 1+y(pe—pr) 1
1+Y, 1+Y,
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Mature and Terminal Phases Steady State

In a mature phase, the solutions of the above system for the debt and financial assets ratios
(“steady-state” values) are: d = [(1+ Y )/? }(z’nvﬁF + invlf,’g) 2 and a, = py.ay. / Y,

respectively. Note that the “steady-state” value of the financial assets ratio decreases as the
oil nonfinancial assets is being depleted. If the depletion is accompanied by a reduction of
investment in oil (no new technologically-derived additions to the stock of oil reserves) the
steady-state value of the debt ratio also decreases (assuming the investment in non-oil
nonfinancial assets ratio remains the same). Recall that the structural, operating primary
balance must adjust for the financing equation to hold in response to the lower stock of
financial asset.

In the steady-state terminal phase, by definition, the oil nonfinancial asset has been depleted,
that is, ay, =0 and inv, = 0. This implies that the financial assets ratio is zero, the debt

ratiois d = [(1 +Y )/ Y }(invjvvg ) , and the right-hand side of Equation (8') is zero.

Consequently, the total structural operating budget must be balanced. In this terminal phase,
the distinction between oil and non-oil structural balances becomes irrelevant.

Restrictions Imposed on the Structural Operational Balance

Suppose now that at the steady-state terminal phase, the government would like to maintain
the financial assets ratio at a positive constant value. This implies that the non-oil, structural
operating deficit has to be adjusted as the oil stock is being depleted. In the terminal phase
steady state, this deficit should be financed by the stream of income given by

(py, —Y)a, /(1+Y). That s, in Equation (8'), substitute (p,, —¥,) for 5, .

That point is illustrated in Figure 4 below. Suppose that the “steady-state” value of the
financial assets ratio at the mature phase, given by point A, is the level that the government
would like to keep constant in the steady-state terminal phase. Line (ar); cuts the 45° line

from above as its average slope is 1/(1+ Y ). However, as the stock of oil nonfinancial asset
is being depleted, the line (ar, ), shifts downward to line (ar, ), (parallel to line (ar,);). The

new steady state would be point B if there were no changes in the average slope. However,
suppose that to offset the reduction in the oil nonfinancial assets ratio, the government limits
the financing of the non-oil, structural operating deficit to an amount given by a rate lower
than the long-term trend rate. This will change the slope of line (ar, ). obtaining line (ar, );

which implies keeping the steady-state value of the financial assets at the same level (given

2 For simplicity, so far in this section we have assumed that ao = inv}? =0. Now it is

convenient to bring them back.
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by point A). When the oil nonfinancial assets have been totally depleted, the government
limits the financing of the structural operational deficit to an amount given by

(P, —IZ)aFm/(1+I?) . This implies that the slope of line (ar, ); becomes (1+I?) / (1+);),

coinciding with the 45° line.

Figure 4. An Objective Financial Assets Ratio
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The previous analysis implies that if on average the actual rate of return of the oil fund equals
the growth rate, the non-oil structural operating deficit would be balanced on average.
Assuming that the government does accumulate non-oil nonfinancial assets financed with
debt (golden rule), then the steady-state debt ratio would be equal to the desired steady-state
non-oil nonfinancial assets ratio, and the steady-state net worth ratio would be equal to the
steady-state financial assets ratio.

To sum up, an oil fund has to be complemented with additional fiscal rules over all the oil
phases to be effective in pursuing its objectives (decoupling oil inflows from their use,
achieving intergenerational fairness, and serving as a precautionary cushion). In the mature
and terminal phases, the possibility of financing the non-oil structural operating balance with
the return of financial assets depends on how the real rate of return of the latter compares to
the rate of growth of real GDP. If the long-term average of these two rates were about the
same, the non-oil structural operating budget has to be balanced on average to keep the
financial assets ratio constant at a policy-determined level. If the government follows a
golden rule (financing investments in nonfinancial assets with debt), the net worth ratio
would be equal to the financial assets ratio in the steady-state terminal phase. Once the
country has become non-oil, a constant financial assets ratio might be rationalized as a debt
stabilization fund or, alternative, as a temporary abode for future investments in non-oil
nonfinancial assets yielding higher rate of returns.
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V. CONCLUDING REMARKS

The paper encapsulates the net worth approach to fiscal analysis into a simple model of first-
order difference equations, which could be used to study the dynamics and steady-state
equilibria values (as GDP ratios) of debt, nonfinancial and financial assets, and net worth of
the nonfinancial public sector. This model is useful to study alternative fiscal-investment
fund rules and fiscal sustainability.

The model brings to the forefront the importance of the average rate of return of nonfinancial
public assets, and the related issue of productive and nonproductive investments. It highlights
the need for policymakers to decide on the appropriate levels of the nonfinancial assets ratio
(and the related issue of the size of the government) and the debt ratio, as well as on the
purpose for accumulating financial assets.

By treating separately each component of the net worth (nonfinancial and financial assets,
and liabilities), the model allows for a more complete analysis of fiscal sustainability. This is
an important feature because focusing solely on the level of the net worth ratio and its
evolution over time might be misleading. This is illustrated in the case of the golden rule,
which allows borrowing to finance investments: in the steady state, the debt ratio equals the
nonfinancial assets ratio. Thus, if left unconstrained, the debt ratio could reach levels
considered too high, regardless of the quality of investments. This possibility has motivated
some governments to complement the golden rule with an additional rule that limits the debt
ratio to a range below a “danger” threshold. Alternatively, others may choose to complement
the golden rule with a debt stabilization fund.

Under the golden rule cum debt stabilization fund, the steady-state values of the debt
stabilization fund and the net debt depend basically on the origin of the inflows that accrue to
the fund (in addition to the fund’s own return). We analyzed the cases when the inflows are a
fraction of the nonfinancial asset returns and when they are a fraction of the gross operating
primary surplus. The latter is akin to the view that a government’s collateral for its stock of
public debt may also be the present value of either the government’s gross operating primary
balance or its future taxing capacity.

The model makes explicit that under most fiscal rules, the government needs to adjust each
period its gross operating balance for the rule to hold. This could be difficult to do in practice
due to lags, political economy and efficiency considerations. Applying the rules to a
multiyear horizon may be one solution.

The model could be applied to analyze economies with depletable resources and a related
financial assets fund. The Norwegian case—of an oil producer country following fiscal rules
and accumulating an oil fund—is quite interesting. One of the main features of the
Norwegian oil fund is that it facilitates the decoupling of the oil revenue inflows from oil
revenue use. The prototype model could also be applied to project future values of the debt
and the fund under a Norwegian type strategy. The analysis of the dynamics and steady-state
solutions of the model under a Norwegian type strategy suggests that in the absence of
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additional rules, both the oil nonfinancial assets and the oil fund ratios would become zero in
the terminal phase of the oil industry. Thus, for an oil fund strategy to be effective in
pursuing its objectives in the long run, the authorities have to impose a constant positive
value for the financial assets ratio, which implies maintaining the structural operating budget
balanced. Keeping a constant financial assets ratio once the country has become non-oil,
might be rationalized as a debt stabilization fund or, alternative, as a temporary abode for
future investments in non-oil nonfinancial assets yielding higher rates of return.

Possible extensions to this paper include taking into account the possibility of default and
extreme shocks. The model could incorporate the stochastic processes governing key
variables and parameters and their comovements, and use this set up to establish confidence
bands around the projected values of key ratios.
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APPENDICES

NONFINANCIAL ASSETS ACCUMULATION AND THE PROTOTYPE MODEL

Derivation of the Motion Law of Nonfinancial Assets
In real terms:

K,=(1-90)K.; + FCF,.
Where:

K Fixed capital
FCF  Fixed capital formation (net investment in real terms)

Multiplying both terms by £, and defining 7" = [( B, / B, ) — 1], the above equation in

nominal terms becomes:

ANFt = (] +TL'NF1) (1 — 5)ANFt-1 + INVNFt .
The Prototype Model
The general model
The prototype model presented in the text is a simplified version of a more complete model
which considers the possibility of valuation adjustments different from zero, and expands the
definition of rates of returns by separating the return of assets into an average rate applied to

the stock at end of #-/ and a marginal return on investments during period ¢, as presented
below:

PF, ANF, = p]A\;[E IN VNF, + va%GANF,,, )
PrAr = pr NV, +pp Ay, -

Where,

Pj :  Ratio of return to current period investment, also referred to as the marginal return on

assets; where j = NF, F' (nonfinancial and financial);

. Ratio of return to end-of-previous period asset, also referred to as average return on

assets; where j = NF, F.
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From Equations (1)—(3) in the text, and the definitions for the rates of return above, we can
derive the following system of difference equations:

D, = (l+i+x")D,_,— p;gGANFH - ngGAFH —GOPB® + (1= py. JINV,. +(1=p; JINV,; (15)
Ay =(1=6)(1+x" JAyp  +INVy s (16)
A =(1+7 )4, +INV,. (17)

Expressing all variables as ratios to GDP, this system of difference equations can also be
presented in matrix notation as follows:

i
1+Y 1+Y 1+Y , ,

d, ' s ]+[ - "\ d, —gopb™ +(1—pf\,45 Jinvy. +(1—pﬁf Jinvy.

aNF, = 0 % 0 aNFH + il’lvNFt

a ! a nv

g , , (17" ) N f
1+Y,
Q

Stability Conditions

The stability conditions of the dynamic system described above are given by the values of the
main matrix’s characteristic roots. These roots are obtained by solving the characteristic
equation. The polynomial characteristic for Q, f(A), is given by

f(l)z‘Q—iI|:Z3 +12(7/11+722+733)_}*(711722+7117/33+7117/33)+7/117/22733 =0

where y; represents the element of  located in row i and column j. The well-known relation
between the characteristic roots (4, 42, 43) and the coefficients of the characteristic
polynomial is given by:

Y11V 22V33 = LA A
VirVor ¥V 1¥ss ¥ VarVss = LAy + A + A4,
YiutVntrs=4+4+4;.
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Thus, the solution for this system is straightforward:

I1+i+7x”
/11=711:T;
2=y (1-8)(1+7x"" ).
2= V22 = = )

1+Y
1+x”
A =73 = 147

The stability condition for the system requires that‘/iﬁ‘ <1,V i=j.Thus,

]+7rF|

I+Y

,all< 1.

I+itz”| |(1-8)(1+z"")
1+Y 1+Y ‘

Steady-state Equilibria and Some Comparative Statics

Solving the first-order difference equation system above, the steady-state equilibria for the
debt and assets ratios are:

% AVG AVG
d,= {ﬂ} {‘goprG +|:(]_p]\A;~") - Por )}’WNF +[(1—,024)— );pFﬂ :|im’p};

(Y-i-z") (1+Y)—(1-8)(1+ 7" (Y-7")
a,,. = [+? nv,,.
Y 14 Y ) —(1-8)(1+ 2 )
I+f .
CZF = A—Fll’lVF.
» (Y-7")

Given that nwss = anpsst args — dss, the steady-state net worth ratio could be easily derived
from the above equations. Furthermore, assuming stability, different cases of comparative
statics could be analyzed by totally differentiating the above system. Some of those cases,
assuming zero marginal rate of return on assets and valuation adjustments, include:

Gay _1+Y . _0d, [1+I}}()}+5—p§‘?) onw, _[1+)A’j[p§}/6—i—5j_

—>0; =| = < =
oinv,, 1+0 Y+06 Y—i oinvy., \Y+0 Y—i

oinv,,

dgopb®® _ Y+65-pire

- = , for a constant d,.
oinv,,, Y+06
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An Alternative Derivation of the Steady-state Net Worth Ratio

From Equations (1)—(3) in the text, the definition of the rates of return presented above, and
using the fact that ANW, = AANFt +AA F, —AD,, we can derive the following first-order

difference equation system for nw, ayr and ag:

AVG

I+i+n°  pap —0—i-m +(1=8)8"  pp—i-m +m
+Y +Y +Y
n, I ; 6] IK - Iy m_, ) [ gopb{C + P invy + oy invy,
—S)(1+
ay. |=| 0 w 0 Ay |+ inv,,.
147 '
aF aF nv
t ]+ F = F
0 0 (It )
147

As before, the stability conditions do not depend on the returns on the assets. Solving this
system we can obtain the steady-state solution for net worth. Note that the rates of return of
both assets affect the motion law of the net worth ratio but not that of those assets.

147 RS A (Y —i-a . w
= - - _] fr 7T g p |
s [Y—i—ﬂDJ [(1+Y)—(1—5)(1+;ZW ) o jmvNF J{ Y- N }Wﬁgo p

Numerical Simulations

We assigned numbers to the parameters of the prototype model and performed numerical
simulations; in all cases stability conditions hold. Table 1 contains the steady-state values of
debt, assets, and net worth ratios under different fiscal policy variables (investments, gross
operating primary balance, and primary balance ratios), rates of return of nonfinancial and
financial assets, and zero and nonzero valuation adjustments and inflation.

Table 1 has four blocs. Each bloc has a benchmark case (first column), in which the policy
variables, goprG, invyr and invr are such that the debt and assets ratios remain constant at
their initial values. In blocs 1 and 3 the simulations assume zero inflation and valuation
adjustments, whereas in blocs 2 and 4, those parameters have positive values. The
simulations considered two alternative cases: 1) a symmetric negative and positive change in
the rate of return of nonfinancial and financial assets (second and third columns of blocs 1
and 2), and ii) an increase in the investment ratio for nonfinancial assets assuming that the
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return of nonfinancial assets is either the same as in the benchmark case (second column of
blocs 3 and 4), or higher (third column of blocs 3 and 4)."

As shown in Table 1 (blocs 1 and 2), compared to the benchmark, the debt ratio increases
(decreases) with a lower (higher) rate of return on assets. Inflation and valuation adjustments
exacerbate those differences. The assets ratios do not change because in the prototype case
the rates of return on assets do not affect investment policy (a constant investment ratio).
Therefore, the net worth ratio changes in the same magnitude as the debt ratio, but with the
opposite sign. A higher nonfinancial investment ratio (blocs 3 and 4) causes an increase in
the debt ratio; as expected, the increase is smaller under the assumption of a higher rate of
return of the nonfinancial asset.

The model could be calibrated with parameters and variables values relevant for a particular
country. Furthermore, some of those parameters and variables might be better represented by
a stochastic process rather than a single value (representing a trend or expected value).
Although we have simulated the prototype model, a more complex model that incorporates a
specific fiscal rule can also be simulated if the country under consideration follows such rule.

13 Recall that the gross operating primary balance refers only to the general government, and
any improvement of the net operating balance of public enterprises is captured in the model
as an increase in the average rate of return of nonfinancial assets.



APPENDIX |

-31-

L
w Q« oMﬁmQOV
(19491 201d [eIoUd op afueyd)  u
[ AEOENENN/ 199p m
0 19000 SN DR e 4

0 %000 % - A S1SOSSE [el 1
T %000 0 1%000 (uonen[e ou agueyd) _
<7 1%057T 0 1%000 : — [e1ouBuY-U )¢
00 Tnost xoﬁ %STT %00 %000 1%00°0 (uonenyeA 153 o Toneradap @:v .
0 190 T o : 0 % . ‘ dak oyt
%000 o\ooo.m e”oo.o nsel Mo STl |%sz1 o\cmw.o %000 xoo.m_ $19SSE [BIOUBUT] owﬁwwmom: d
. %08C _|% - %00 0 %Szl 0 %05 T |% 01 1%00 11-U0U 03el

%0S'C - %000 : %00°0 - %08 T |% ‘01 %00 - SSE Jeroueul) BUILIOU) 4
. _ 1 %0070 I (% - %000 - %SL'0 S)9 013 o [

%05'T %S %8 %000 % 0 [%0s 01 1%00°01 0 1%09°0 - (pa wou)

: T %00 0 %000 : 001_%00 0 |% ul [eut
hSTl %ST'1 ec ] Qcoo.o /4000 o\ooo.oﬁ 700001 Wwﬁ.m %LTE Nomwo %S5€0 W\OWNW (193p uo 3per Hmw\wm:? Y0

- . (] 01 % T A - A - A y
%ST 1 —— %08'1 . %000 0 %o 7 |%ioc %05 c . T d

051 - 001 0 |%SL0 - 8T . ¢ [ dos =)
%0S'T o\ooooﬁ %00°01 M\\OMB.O Qomho %Omo %LT'¢E NOMO.O %609 M\omw.ﬁ %061 %06 \n\Z\FE "o q o
%0001 i - %NLTE — %050 oo € %609 - : %Sy % . N qut
% %LTS DATR I A %05€ %08 ostt %St b - %70 AN
HLTE %10t A 9 0S¢t o\c 01 [%061 %6 : %T0 [Tl %70 qdo3
%609 %609 g@o. %06'1 700 0/ H°()- Yot 0- . %0 &N 22 1]0,

: /06 %Sty 700 %0 % 0 ; %C0 %07 BLIBA AJ1[0g 0 mu
%609 AT 0 T |o%co- 1o %e0 10 o s W0 sa[qel s 107 o —
YTy A T T S O A R 1

%Y0- % %70 %C : %I1°C - %8'1 4 0N

ﬁ T o T T 07 R —

- 0 : N 0 . =
Qov.o %E0 c\oﬁm %0°€ %w; %81 (%L %Wt %10 .wo.n ssp %0702 wone
. N 0 . . H
xm. %1€ ch %81 . %89 [%0°C 0L 1%L oo o soney S
Lt %L’ b T8 |%0T %801 %O0L  1%0°L - ST %051 \oo. A
L ¢ |wror |us Mm %L %ot ST s \M LI [wrze [%00t s ST
01 %o - %0’ - %0°ST 0 07 |% Apexs
%001 - %0°L - %01 % %88C | %0
%0°L . %L'TT - %0°0C & T e
: ST | LI d Joysiy
%0°L s xo. e 6e %8'T d om0l | 'P—sp qdo3— qdog -
hTi %T6ET | %0°0T "p=4p | d 031y @05 - 1oPo 201014 il
0 - =% _
%96'19 #Nd 13ty [N aures Gl 3d4j0301g 0=vipood
l es | Op=yp AN qun < 4N aut 19PN A
ANd o N Tor01] - 2 :790[g
d HNM@MN < AN qup [OPOJA @ A0 #
~ W.@oz adkoroxd 1A 0t d0id
IA 0 #F1ipd01d

Iapun
: UQN OHON

[py uonenfeA o197-uoN
sjuounsn/ .

0D 9[qeL
1eredur

o1eIS QAT

0 yorduy *o1
oYy Jo sy 1OYSIH J

uo ur

soney u




3. APPENDIX II

DEBT DYNAMICS WITH A FISCAL REACTION FUNCTION AND REAL INTEREST RATE
LARGER THAN GROWTH RATE: A GEOMETRIC REPRESENTATION

The analysis in this appendix is adapted from Croce and Juan-Ramoén (2003, 2005). At point
A, the steady-state equilibrium, d;, is unstable because the real interest rate is larger than the
growth rate (or, geometrically, the ¢ line cuts the 45° line from below). The debt ratio will
remain at dgs as long as the real interest rate, the growth rate, the rate of return of both assets,
the rate of depreciation, the primary surplus, and the debt ratio itself do not change. The debt
ratio might exogenously increase or decrease due to shocks. If any of these conditions
changes without offsetting changes somewhere else, the debt ratio will either decrease or
increase constantly without ever converging (the system is unstable).

Figure 5. Unstable Equilibrium, Debt Target, and Fiscal Reaction Function

45°

dt— 1

Suppose the government considers dy, (point A) too high and would like the debt ratio to
converge to a lower level of indebtedness, say, d" (point C). To achieve that target, the
government increases the gross operating primary balance changing the intercept to —B’ from
—A’ (the ¢ line shifts immediately to the right, d°, cutting the 45° line at point B). The higher
gross operating primary surplus could sustain a higher debt ratio, d’ if, for example, the debt
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ratio were to jump exogenously to exactly that higher level. A higher surplus, all other things
constant, implies that the debt ratio will steadily decrease reaching eventually negative values
(the government becomes a net creditor). However, it is possible to*force convergence to d
by introducing the following fiscal reaction function: gopb, = gopb + A (d.; —d ). According
to this rule, gopb shrinks as the gap between the debt ratio and the target debt is being
reduced. This implies that the ¢” line gradually shifts to the left until reaching ¢°. Eventually,
gopb converges to, say, gopb” which is the gross operating primary surplus necessary to
maintain the debt ratio constant at d" once it has reached that level.

Using the prototype model and assuming that both assets have reached their steady-state
equilibrium (which, as shown in the text, both are stable equilibria), any of the intercepts of
the d line say, —4’, is given by:

, —Y-65 p,—Y
—A =—| oopb“° + 'ONFA— inv,,. +| 2= inv, |.
[gp [ V1o J NF ( v } F:l

The above formula shows that once the desired steady-state equilibrium has been reached, a
change in the rate of return of any of the assets will have to be offset by a change in gopb to
maintain the debt ratio constant.

With a lower steady-state debt ratio (say, point C), it is conceivable that expectations and
credibility effects would lead to close somewhat the gap between the real interest rate and the
growth rate; which, in turn, would imply that a lower gross operating primary surplus is
necessary to keep the debt ratio constant at d". In this case, the line & will be less steeper
than the one shown in Figure 5, but still cutting the 45-degree line from below at point C.
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CONSTANT NET WORTH RATIO RULE

The prototype model can be used to analyze the impact of stetting a rule of zero change in the
net worth ratio: nw, — nw,; = 0. This rule implies:

NW, =(1+Y,)NW,_, = NW,~NW,_, = Y.NW,

t—1"°

Thus, Equation (1) in the text becomes:

£y

YAtNWt—Iz GOPBtGG _5ANFt_, D, + pNF,ANF, + pF,A

+ M (1- 5)ANF,_1 -zP D, + ﬂ-tFAF,_I'
Solving for GOPBC,

GOPBY = Ay, ([ +6=py, ~7" (1-6))+ 4, (Y= p, ~al |+ D_ (i +7~T,).

-1
In terms of GDP, the above equation becomes:

V4S—pu—m"(1-8) Y -py-a|  i+x)-,

t
= Ay = a, + =
1+Y - 1+7Y, ! 1+7Y,

gopb™® =

t-1"

This goph®“ guarantees compliance with the constant net worth rule. Inserting the above
equation in the difference equation for d in the prototype model, and again assuming for
simplicity that 7" = 7 = z” = 0 obtains the motion law for d under the constant net worth
ratio rule:

Y, +6 4 . .
d=d,_, _;Jr—faNFt—I —ﬁaﬂ_l +invy, +inv, . (18)
t t
: / 1+Y .
Inserting the steady-state values of both assets:a,, = ; i); invy,and a, = Ti”VF n

the above equation yields: d; = d,; .

The constant net worth ratio rule does not guarantee the value (positive or negative) of the
net worth ratio, it just maintains the steady-state net worth ratio over time regardless of its
sign. The transition to the steady state under the constant net worth ratio rule could also be
analyzed with a phase diagram similar to Figure 1 in the text. However, the slope of the
difference equation for d will be one, coinciding with the slope of the 45° line. Then, as the
asset ratio decreases towards its steady-state equilibrium (as in Figure 1), the dotted lines for
d (now parallel to the 45° line) shifts upward, and it collapses with the 45° line when the asset
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ratio reaches the steady state. Thus, the steady-state value of the debt ratio is anchored by the
steady-state value of the asset ratio.

Alternatively, the constant net worth ratio rule, nw, — nw,; = 0, could be expressed as:
(aNE +a, —d,)—(a]\,ﬂ1 +ag, —dH) =0 = (dt —dH) = (aNE +a, )—(aNFF1 +ag ) . (19

This formulation highlights the resemblance between the constant net worth ratio rule and the
golden rule. While under the golden rule, changes in nonfinancial assets are financed with
debt, under the constant net worth ratio rule, changes in the total assets ratios are financed
with changes in the debt ratio. Inserting the steady-state values for both asset ratios (ayrss and
arss) in the above equation, yields d; = d.;. Alternatively, inserting in Equation (19) the
difference equations for anr, and ar, of the prototype model, yields the motion law of d under

the constant net worth ratio given in Equation (18).
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THE GOLDEN RULE CUM DEBT STABILIZATION FUND BASED ON THE
GROSS OPERATING PRIMARY BALANCE

The debt stabilization fund based on the gopb can be expressed as follows:

4, =(I+p, )AFH +a GOPB; (20)
I+
a, = pf’ a, +agopb,. (20"
t 1+Yt t—1

inth

This scheme implies a particular public debt ratio dynamics and an endogenously determined
gross operating primary balance ratio, given by Equations (21) and (22), respectively:

1 1) .
dt=]+?dt-1_]+);aN@,I"'mVNF,f (21)
. 5_p
oph®® =Yg & M. +inv, . 22
8gopb, ey 11y N F, (22)

Given that inv, =agopb,,

1 I, +(5_pNFt)a
(I-a)|1+Y, " 14y M

t t

gopb” = (22

The endogenous goph’ is positive and also finances the debt stabilization fund. Substituting

Equation (22") into Equation (20") and defining 6 = o/ (1 — a), yields:

I+p, 0(5-py, ) 0i
= arp +—AaNF +—Adt_1.
1+Yy, ) 1+7Y “(1+Y)

ath

(23)
Inserting the golden-rule, steady-state solutions for a,, and d in Equation (23), obtains the

steady-state solution for the financial assets ratio and consequently, the steady-state solution
for the net debt:

F ) 0(5—pue +i O(5— pup +i
a, = A1+Y ( ,.pNF l) i}’lVNF = ar =M(INF ;
58 Y_pF Y+5 s Y_pF s

NF*

F N Y—p, —0(5—p., +i Y-p,—0(5—p,, +i
nd?s Edsv —ap = /\I+Y Pr A( P l) invNF = ndsy = Pr ~ ( Pur l) a
S S s Y_pF Y+5 S Y_pF
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